Interpolation and Lagrange Polynomials - (3.1)

1. Polynomial Interpolation:
Problem: Given n + 1 pairs of data points (x,-, y,-) , i=0,1,...,n, we want to find a polynomial P,(x) of
lowest possible degree for which P(x;) = y;, i = 0,1,...,n.
The polynomial Pi(x) is said to interpolate the data (xi, y,-), i=0,1,...,n and is called an interpolating
polynomial.
Graphically, P(x) is an approximation to f(x) and satisfies the conditions:
Pi(xi) = f(xi), i =0,1,...,n.
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—y =fx), ---y = Pix)
Obviously, for this example Py (x) is not a good approximation to f{x) though P (x) satisfies the conditions:
Pi(x;) =y; for i=0,1,2.
Note that the differences between a kth degree Taylor polynomial and a kth degree interpolating polynomial
are:
a. Prayior (x) = f(x) at only x = x¢ and Pinterpolating (X) = f(x), atx = xo, X1, ...
b. Prayior requires knowledge of f l, f ”, ... but Pinerpolating Tequires f(xo), f(x1), ..., f(xn).

5 Xn.

2. Lagrange Interpolating Polynomials:
a. Lagrange Polynomials:
Fork =0,1,...,n, define

_ (x—=x0)...(x =x31)(X = Xpz1)... (x = X»)

_ (x—xi)
Lni(x) i=1(:[#k (xk —xi) (xk —=x0). .. 0k = Xp1 ) Xk = Xkt1)e - (X — X1)

L, x(x) are called Lagrange polynomials. For example, letx; =i, i = 0,1,2,3.

o xx=2)(x-3) 1
L = q-gya-na-3 2@ HE)

Observe that Lagrange Polynomials have the following properties:
i Ln,k(xk) =1

(xk —XO). .. (xk —xk_l)(xk —xk+1). .. (xk —xn) -
(xk—x0). .- (k= Xp=1 ) (X — Xkt ). - (X —X1)

Lyi(xk) =

il. L,x(x;) =0fori+ k.

Lox(x;) = (xi=x0)...(xi=x;)...(xi = x31)(Xi = Xp1). .. (Xi = %)

Xk —=x0)e . (k= Xi)e oo 0k = Xk=1) (Xk = Xkt1 )« - (X — Xn)




b. Lagrange Interpolating Polynomials:
The polynomial

P,(x) = Z Vi Lng(x) = yo Luo(x) +y1 Lyi(x) +...4Vn Lya(x)
k=0

is called the nth Lagrange interpolating polynomial. Observe that fori = 0,1,...,n

Pn(xi) = Zyk Ln,k(xi) =JYi Ln,i(xi) = Yi.

=0
P,(x) is an nth polynomial that agrees with f{(x) at xo, x1, ..., Xp.
Theorem 3.3 Suppose that x, ..., x,are distinct numbers in the interval [a, b] and f*V) is continuous in

[a, b]. For each x in [a, b], there exists a number c(x) in (a, b) such that

n+1)
Jx) = Pu(x) + %(x—xo)(x—xl)...(x—xn).

Proof Forx # x;andxin [, b], define g(t) = fit) = Pa(t) = (fx) = Par)) [ 11y o= Clearly,
gx;) =0, i=0,1,...,n. Observe that g(x) = 0. Since x # x;,
g(t) =0att=x0, X1, ..., Xn, X.

Since g(#) has n + 2 distinct zeros in [a, b:|, by Rolle’s Theorem, we know there exists a constant
cin (a, b) such that g (c) = 0.

g(n+l)(t) :f(n+l)(t) —0- (f(x) _ Pn(x)) (I’l + 1)!

(x=x0)(x—=x1)...(x —x4)

gD(c) = 1 (e) = 0 = (fix) = Pu(x)) (n+1): ~0

(x—=x0)(x—x1)...(x —x,)
n+1)(c)

R,(x) = flx) — Pu(x) = ~(H+Ll)!(x—xo)(x—xl)...(x—xn).

Comparing the error term for an nth Lagrange polynomial with the error term for an nth Taylor polynomial.

Iaylor (X) :f(x) _Pn(x) = -—(%(X-Xo)h

Example Letxo =0, x; = 0.6, x; = 0.9, f{x) = cos(x?).
i. Find the Lagrange interpolating polynomial P>(x) and R>(x).
ii. Use P»(x) to approximate f(0.45) and estimate the approximation error.
iii. Approximate I; cos(x?)dx by I(l) P> (x)dx and estimate the approximation error.

i.

o (x=0.6)(x—0.9) x(x - 0.9) x(x - 0.6)
P2 =0 =6y =09) 005 50.3) 0503
Pax) = 5hr (= 0.6)(x-0.9) - %x(x ~0.9) + %x(x ~0.6)



ii.

iii.
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—y = cos(x?), ---y = Pa(x)
£ = —2xsin(x?), [ (x) = —2(sin(x?) + 2x? cos(x?)),
£ () = =2(2xcos(x?) + dxcos(x?) — 4x3 sin(x?)) = —4(3xcos(x?) — 2x3 sin(x?))
—4(3xcos(c) — 2¢3 sin(c))

| Ra(x)| = e x(x —0.6)(x—0.9)
where c is in (0, 1).
(0.45) ~ P,(0.45)
1 cos(0.36) cos(0.81)
= 557 (70-15)(=0.45) - —5=2=-(0.45)(-0.45) + —5757—(0.45)(-0.15)

1. 005509
True error = | cos((0.45)%) — P2(0.45)| = | 0.9795668 — 1. 005509 | = 0.0259422
Find the approximation error:

| £ ()] < max | —4(xcos(x?) - 2x7sin(x?)) | < 4(3 +2) = 20
xin (0,1)

or check out the graph of Lf W(x)

. 1"
to have a better estimate of an upper bound of | f ) | :

: | 7" )] < 6.5, forxin (0, 1)

K | R2(0.45)| < |6'TSO'45(_0'15)(_0'45)|
3 ~ 0.03290

E

|

0 ‘012‘ B ‘0.‘4‘ ‘x‘ ‘0}6‘ B ‘0.‘8‘ o 1‘

y = [-4(3xcos(x?) — 2x3 sin(x?))|



J-;Pg(x)dx - j;( T (6= 0.6)(x - 0.9) - %x(x ~0.9) + %x(x - 0.6))dx
= T154 j;((x— 0.6)* —0.3(x - 0.6) )dx — %@’6) I;(xz —0.9x)dx
. % j;(ﬁ — 0.6x)dx
LSO (4 _ae)
- S04 - 100 oo San) - =0 (1 02)
=om(y_ag)
= 0.9201181

True error:

1 1
U cos(x2)dx—j Py(x)dx| = | 0.9045242 - 0.9201181| = 0.0155939
0 0

An approximation error:

1 5 1 1
Errorapprox = Uo cos(x*)dx — -[0 Py(x)dx| < J.o| Rz(x)|dx

- M| x(x = 0.6)(x — 0.9) | dx

0 3!
Observe that | f W(ﬁ(x)) | < 6.5, and the function x(x — 0.6)(x — 0.9) changes signs over |:O, 1 :| :

0.05 7

0.04 7

0.03 7

0.02 7

T T T 1
0 0.2 0.4 X 0.6 0.8 1

y=x(x-0.6)(x—-0.9), 0<x<1
x(x—0.6)(x—0.9) = (x— 0.6 +0.6)(x — 0.6)(x — 0.6 — 0.3)
= [(x=0.6)>+0.6(x—0.6) ](x— 0.6 - 0.3)
= (x—0.6)°+0.3(x—0.6)> - 0.18(x — 0.6)
x(x—0.6)(x—0.9) = (x—0.9+0.9)(x —0.9+0.3)(x — 0.9)
= ((x-0.9)?+1.2(x - 0.9) +0.27) (x - 0.9)
=(x-0.9)°+1.2(x-0.9)* +0.27(x - 0.9)



65 (% B e B 1 B B
Errorapprox < x(x—0.6)(x—0.9)dx x(x—=0.6)(x—0.9)dx + x(x—0.6)(x—0.9)dx
6 0 0.6 0.9
- [%(x =0.6)* +0.1(r = 0.6)* — 0.09(x — 0.6)? | §*

%(x— 0.6)* +0.1(x—0.6)* —0.09(x — 0.6)2]|g;2

1

+ %(x— 0.9)* +0.4(x — 0.9) + %(X— 0.9)2]5.9

= %(0.6)4 +0.1(0.6)* = 0.09(0.6)* — %(0.3)4 —0.1(0.3)* + 0.09(0.3)?
+ %(0. 1)*+0.400.1)% + 0-2#(0. 1)2

= 0.0268979

3. Neville’s Iterated Interpolation:

Naturally if P,(x) is not a good approximation to f(x) we like to add more points x,.1, ... to construct an
interpolation polynomial with larger degree. Can we construct an interpolation polynomial iteratively? The
answer is yes. Neville’s Method does so.

Letmy, ma, ..., my be k distinct integers where 0 < m; < n for each i. Let P, m,.m,(x) be the Lagrange
polynomial that agrees with fat the k points: x,,, Xm,, ..., Xm, Forexample,

o (X)) —xa) (r —x1)(x — x4) (r —x1)(x — x2)
Praa@) =St (x1 —x2)(x1 —x4) +fx2) (X2 —x1)(x2 —x4) +fxs) (Xa —x1)(xa —x2)
is the Lagrange polynomial that agrees with f(x) at 3 points: xi, x2, x4 :

Pipa(x1) = flx1), Pipa(x2) =f(x2), Pioalxs) = flx3).

Theorem 3.5 Let f be defined at xo, X1, ..., Xk, and x; and xi be two distinct numbers. Then

Pop..x(x) = L D e KO

Proof We know that both polynomials Po 1, j-1 1, 4(x) and Po,. -1+, k(x) are degree k — 1. So, the

..............

------

Po,. k(x1) = ——F——==——= X —x
Qo = x)f ) = Qo = x)fter) _ (xi = x))
= = SCxr) = flxr)
(xi = x;) (xi = x;
For/=1i:
Pori(xi) = (xi =x;)Por,.j1j+1,., k(xézi)(cfi_xi)PO,l ..... i1,k (Xi)
= Po1,. j-1j+1,..4(xi) = f(xi)
Forl=j:
Pori(xi) = (i =x)Po, j-1j+,... k(x§2:§fj—xi)Po,1 ..... i1+, k(X))
= Po..ivin.k(x) = fx)
So, Po,1...x(x) the kth degree interpolating polynomial.



Example Consider xo, x1,..., x,. Then

(x—x1)
PIZ(X)_f(x)(x x)+f( )(x 1)
(x —x4) (x —x4)
Paa(x) = flxa )(x 4) +tes )(X 4)
Pioa(x) = (x = x4)Pia(x) = (x = x1)Pra(x)
(x1 —x4)

is the Lagrange polynomial that agrees with f(x) at 3 points: x1, X2, Xa.

Neville’s Iterated Interpolation: Steps of Computing Py 2. «(X) :
Given (x,-, f(x,-)) fori =0,1,...,kand e, letP; = f(x;)

xi | Pi(®) Piii(X) Pii1in2(X) Piii1i42.43(X) Piji1iv,i3,4(X)
xo | Po

x1 | Pi Po1(X)

X2 | P> P12(%) Po,12(%)

x3 | Ps P3(%) Pi23(%) Po123(X)

xis | P4 P3.4(%) P134(%) Pi234(X) Po1234(X)

The algorithm stops and f(X) = Po,12,..x(x) whenever
| Poi2..i(®) = Pora.i1(X)] < &

An alternative way:

xi | Pi(x) Piin(X) P i (X) Piii2,43(X) P i42,43,+4(X)
xo | Po

x| P Poi (%)

X2 | P Poa(%) Po,12(x)

x3 | Ps3 Pos(x) Po23(x) Po123(X)

X4 | Py Poa(x) Posa(x) Po234(X) Po1234(X)

Example Suppose that x; = j forj = 0,1,2,3 and it is known that
Poi(x) =x+1, Pia(x) =3x—-1, and Pi23(1.5) = 4.
Fl'l’ldPo,l,zg,(l.S).

xXi | Pi(x) | Piin(X) Piir1i2(X) Pii1i2,43(X)

0 | Py

1 | P Poi(1.5) = 2.5

2 Py | Pia(1.5)=3.5 Poia(1.5) = 3.25

3 0Py | Poa(l.5) Pias(1.5) =4 | Poias(1.5) = 5.4375




Poaa(1.5) = (1.5 =2)Poa(1.5) = (1.5 = 0)Pia(1.5) _ (=0.5)(2.5) - (1.5)B.5) _ 5

0-2) 2) >
Po1as(1.5) = (1.5—3)P0,1,2(1.?g:§1).5—0)P1,2,3(1.5) _ (—1.5)(3.%53)—(1.5)(4) _ 5 4375

Example Neville’s method is used to approximate f{(0.4) as follows. Complete the table.

Xi Pi(x) | Pim(X) Piir1i2(X) Pii1i2,43(X)

0 1

0.25 |2 Po1(0.4) = 2.6

0.5 |P, | Pi2(0.4) Po.12(0.4)

0.75 |8 P23(0.4) = 2.4| P123(0.4) = 2.96 | Po123(0.4) = 3.016

Par(0.4) = (0.4—0.7%?1532_—0F(7):54—0.5)P3 o4 (2.4)(—(1(%?3)5— 0.18) _,
(0.4-0.5)P - (0.4-0.25)P; _ (0.4-0.5)(2) (0.4 0.25)(4) _
P12(0.4) = 075-03 - = 0.25-05 =3.2
Pora(0.4) = (0.4—0.5)Po,1(0643(;§0.4—0)P1,2(0.4) _ (0.4—0.5)(2(.)6_)&?.4—0)(3.2) o8

Check:

Po123(0.4) = (0.4-0.75)(3.08) — (0.4 - 0)(2.96)

0-0.75 =3.016

Example Letf(x) = sin(lnx), xo = 2.0, x; = 2.4, xo = 2.6. Find a bound for the absolute error on
[2.0, 2.6]. Approximate f(2.5).

| Ra(x)| = / 3$C) (x—2)(x —2.4)(x—2.6)|, where cisin [2, 2.6 ]

fle) = %lnx), ") = —sin(lnx) () (x) — cos(lnx) _ —sin(Inx) — cos(Inx)

x2 x2
) = [—cos(Inx) (L) + sin(lnx)(%x)é‘]x2 + 2x[sin(Inx) + cos(Inx)]
_ [=cos(Inx) + sin(Inx)] + 2[sin(Inx) + cos(Inx)] _ 3sin(Inx) + cos(Inx)
- x3 - x3



0327 0.0167
031 0.014]
028 0.012]
0.261 0.013
0.008]
0.24
0.006]
022
0.004]
02
0.002]
0.18
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"
)| = (x=2)(x —2.4)(x = 2.6)|

lfm(x) | lfw(z) | _ 3 Sln(lnz) + cos(In2) _ = 0.336

| Ro(x)| = f (C) (x—2)(x—2.4)(x-2.6)| <8336 336 (0.02) = 0.001 12

>> xv=[2;2.4;2.6];
>> yv=sin(log(xv));
>> [yout,yall]=neville(xv,yv,2.5,3)
yout =0.7935
yall = 0.6390 0.8001 0.7935
0.7678 0.79220 0
0.8166 0 0



