5.2 Solutions about Singular Points

Consider a second order linear differential equation of the form:

ax(x)y" + a1 (x)y’ +ao(x)y = 0. (1)
The standard form of (1) is
V' PGy + O@)y =0 where P(x) = ;‘;8 and O(x) = ;‘08 @)

The general solution of the equationin (1) is y = Ciy1 + Cay2.

As described in the last Chapter, there exist two linearly independent solutions of (1) in the form of a
power series centered at xo where x¢ is an ordinary point of the equation. In this section, we will look into to the
possibility of finding a power series solution or a power series like solution centered at xo when x is a singular
point of the equation.

1. Regular and Irregular Singular Points:
Definition:
Let xo be a singular point of the equation (1). xo is said to be a regular singular point if both functions
ai(x) Qo(x)
(x—=x0)P(x) = (x— xo) &) and  (x —x0)*0(x) = (x —x0)> ()

are analytic at xo. xo is said to be an irregular singular point if it is not regular.

Example Find all singular points of the equation and for each singular point determine if it is regular
singular or irregular singular.

a x(x—=1y"+y +2y =0 b. x*y" =2 +x*)y +xy =0

a. ar(x) =x(x—1)=0whenx =0, x =1, anda;(x) = | and ap(x) = 2 are polynomials. The
differential equation has 2 singular points: x = 0, andx = 1. Determine now if these singular points
are regular or irregular.

i. Consider x =0 :

*P(x) :xx(xl— n x1 1’ O =7 x(x2— DI xz_xl '

Since both e l I and x2—xl are analytic at x = 0, x = 0 is a regular singular point.

ii. Consider x =1 :

_2(x -1
@=DP@ = G-Diy =% G- = -1’22 - 1)

. 1 2(x—1) . _ o . .
Since both 5~ and —=5—= are analytic atx = 1, x = 1 is a regular singular point.

b. ax(x) = x> = 0whenx =0, and a;(x) = —(2 +x2) and ao(x) = x are polynomials. The differential
equation has 1 singular point: x = 0. Determine now if this singular point is regular or irregular.
Check

2 +x? 2 +x?
xP(x) = —x = - .
() + g

Since xP(x) is not analytic at x = 0, x = 0 is an irregular singular point.

2. Frobenius’ Theorem:
Let x = xo be a regular singular point of the equation (1). Then there exists at least one solution of the
form
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y=(x-x0) ZCm(X_XO)m = Zcm(x—xo)’””
m=0 m=0

where 7 is a constant to be determined so that c¢o # 0. There also exists a constant R > 0 such that the power
series is convergent at least on the interval 0 < x —x¢ < R.

Note that when x is a regular singular point,

m+r,

* there may not be two linearly independent solutions in the form of Z::o cm(x —x0)™";

0 m+r ¢ . . . . .
° Zmzo cm(Xx —Xx0)™" is not a power series if 7 is not a nonnegative integer.

Cauchy - Euler equations:
a’x?y" + bxy' +cy = 0 where a, b and c are given constants
is a special case. For example, the equation: x%y" — 3xy’ + 4y = 0 has two linearly independent solutions:
yi=x* and y; =x’Inx.

Since Inx is not defined at x = 0, y» does not have a power series in the powers of x.

Three Possible Cases for the Solutions y; and y;:
i =r1.
Lety; = D cux™" ¢ # 0 be a solution of the equation. Use the method of reduction of order to
derive the second solution y,, Let y» = u(x)y;. Then

u= %e_-[ P dx
Y1
va = u@yr =y [ é(e‘fp(x)dx) dx 3)
y=Ciy1+Coya.
Note that the solution y, can also be represented by a power series since y1, y?, y%’ e_-[ Feod are in
T

power series form.
ii. 7, > ryandr, —r; + aninteger. Then

o0 o0
y1 =x" E Cmx™ = E cmx™™ ., where ¢ = 0,
m=0

m=0

0

o0
V2 = x" E Cmpx™ = E cmax™"2 . where co; + 0, and
m=0

m=0
y=Ciy1+ Coyn.
iili. 7, > ry and», —r; = N a positive integer.
Lety, = > " jemx™  andys = D" cnox™"2. There are 2 situations:
(a) yi and y; are linearly independent, then y = Ciy; + Coy».

(b) yi1 and y; are linearly dependent, or only one solution, say y; is derived, then compute y, by the
formulain (3) andy = Ciy1 + Coys.

Frobenius’ Method:
Let xo be a regular singular point of a given differential equation

ar(x)y" + a1 (x)y’ +ao(x)y = 0.



Find a solution of the equation of the form:
y = Z cm(x —x0)™".
m=0

Steps:
a. Compute

v = Zcm(m+’”)(?€—xo)m+r_l, y' = Zcm(m+r)(m+r— 1)(x —x0)™" 2 .
m=0

m=0
b. Substitute y, »" and y" into the differential equation and simplify.

c. Solve r so that ¢y #+ 0 and for each solved r find the recurrence relation for c,, and express c,, in terms
of m if possible.

d. If there exists only one solution y; which is in the form of a power series, then compute y»:
—| P(x)dx
Y1

The general solution y = Cy; + Caya.

Note that there are three main differences between Frobenius’ Method and the Power Series Method:

® X = xo is a regular singular point of the equation.
* The starting indices of y, y' and y" are 0.
® The value or values of  will need to be found.
The equation used to solve r is called the indicial equation and solutions 7 and 7, are called the indicial
roots. The indicial equation and its root(s) can be solved at advance from the equation:
(r—1)+aor+by=0
where constants ao and by are given in the series for xP(x) and x2Q(x), respectively, i.e., :

(x—=x0)P(x) = Zam(x—xo)m =ap+a;(x —xo) +ay(x —x0)> +... and

m=0

(x = x0)20(x) = D_ bw(x —x0)™ = bo +b1(x —x0) + ba(x —x0)* +....

m=0

Example Solve 3xy" +y' —y = 0 using Frobenius’ Method.
A o1
3ax ) T3 Y 0
(L)L -1
) =x(57) - 4 (0=3)
2 21 Y__x _og_1 -

$0) = x4 ) =% =0-1x (bo-0)

both are analytic at x = 0. So, x = 0 is a regular singular point of the equation. The indicial equation:
NHEFr-1)+ %r = r(r— I+ %) = r(r— %) =0

a(x) = 3x = 0 whenx = 0. Check the differential equation: " +

and its roots are:

2
r=0orr=%.
3
Since r, —r1 = % is not an integer, there exist 2 linearly independent solutions in the form of a power

series centered at 0, i.e.,
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o0

o0
Vi = E cux™ and  y; = E Cmx"2,
m=0

m=0
Find ¢,,’s.
a. Lety = > " cnux™". Then

o0 o0
y = Z Cm(m+r)x™r1 = Z cm(m+r)(m+r—1)x™2
m=0 m=0

b. Substitute y, y' and " into the differential equation:

o0 o0 o0
3x Z cm(m+r)(m+r—1)x™"2 + Z Cm(m + r)x™r=1 — Z Cpx™"
m=0 m=0

m=0

= Z 3em(m+r)(m+r—1Dx™ 1 + Z Cm(m + r)xmrt — Z CoxX™ = 0
m=0

m=0 m=0

Replace m by k in the 1st and 2nd summation and replace m by k£ — 1 in the 3rd summation. For the 3rd
summation:

m=k—-1, k=m+1, whenm =0, k= 1.

Z 3cek(k+r)(k+r— 1xk1 + Z cr(k+ ryxkr=1 — Z Cpxkrl
k=0 k=1

k=0
= Z 3ci(k+r)(k+r— x4+ Z ce(k+ r)xhr=t - Z Cporxkr]
k=0 k=0 =1

[3co(r)(r—=1) +co(r) Jx'+ Z[ Ber(tk+r)(k+r—1) + cilk +r) — ¢y Jx!
pam

= co(MBEr-1+1) "+ D [ exlh+r)Blhk+r—1)+1) —cpr Jxk!

k=1
= co(r)(3r—2) X' + Z[ ci(k+r)(3k +3r—2) — cjy ¥ =0
k=1
c. The coefficient of x"~' should be 0 :
cor(3r—2) = 0.
Sinceco # 0, r=0o0rr = % (r’s should be the same as the roots of the corresponding indicial
equation.) Coefficients of x**~! should be 0 :
cklk+r)Bk+3r—2)—cr1 =0

— 1 =
= GanGkiar—2) A K=l
— — —1 =

r=20, Ck BGE=2) Ci1, k=1,2,...
2 1 1

r=%, ¢p=—"——Cp] = —=——Cj1, k=1,2,
3T ) T Gk

Derive recurrence relations of ¢, forr = 0O and r = % :

i r=20,



_ _ 1 _
k—l Ccl1 = (1)(1)00—00
_ _ 1 _ 1 1
k=2 =@ T @M T8
_ _ 1 1 _ 1
k=3 ST BHM@M) T 1687
k=m Cm = 1 Co
(mHBm —-2)3m=15)...(H (@)
. = %,
_ _ 1 1
k=1 Ccl = WCO = gC'O
_ _ 1 _ 1 _ 1
k=2 2T T eh®)G) " 80
_ _ 1 _ 1 _ 1
k=3 ST BHAD T EBHADE)G) T 2640 <°
k=m Cm = 1 co
(mH(Bm+2)Bm+1)...(11)(8)(5)

o0 o0
y — E mem+r1 + E mem+r2
m=0

m=0

_ 1.2 1 .3 23 1 1 .2 1 3
—001(1+x+ 8x + 168x +...)+cozx (1+ 5x+ 80x + 2640x +)

_ 3 1 !
) 001(1 * 2 G = 2 Gm 5 A )

0 1 m
+002x2/3(1 +§ m)@m+2)Gm+1)...ADHE)G) )

Example Solvexy" +y = 0.

a>(x) = x = 0 whenx = 0. Check the differential equation: " + % y=0

xP(x) =x(0) =0 (a0 = 0)
x20x) = xz(%) =x (b =0)
both are analytic at x = 0. So, x = 0 is a regular singular point of the equation. The indicial equation is
(r—=1)+aor+bo=@F)(r-1)=0
and its roots are:
r=0 and r=1.

Since r, —r; = 1 is a positive integer, there may be only one solution in the form of a power series centered
at0:y =" cx"". Findc,’s.

a. Lety = > " ¢nx™". Then



i

y:

M

Cm(m +r)xm™r=1 ' = Z cm(m+r)(m+r—1)xm2
m=0

Il
o

m

b. Substitute y, and y" into the differential equation:

o0
x Z cm(m+r)(m+r—1)x"™"2 + Z Cpx™T
m=0 m=0
o0

= cm(m+rY(m+r—1)x""1 + Z CpX™ =0
m=0

Replace m by k in the 1st and replace m by k£ — 1 in the 2nd summation:
m=k—-1, k=m+1, whenm =0, k= 1.

Z ci(k+r)(k+r—Txkr1 + Z g xkr!
k=0 k=1

= co(r)(r— 1"+ D) [exlk+r)(k+ 7= 1) + e 1 = 0
k=1

c. The coefficient of x"' is 0 :
cor(r—1) = 0.
Since co # 0, r = 0orr =1 (Again, 7's are the same as the solutions of the indicial equation.)
Coefficients of x*"~! are 0 :

i — —— 1 =
cktk+ryk+r—1)+cii =0 = ¢ (k+r)(k+r—1)ck_1’ k=1,2,...
— [— 1 — 11 1 frd
Forr =0, Cr D=1 ci-1, k=1,2,3,.. (1‘[ is not defined for & 1).

Forr=1, ¢ =—L" ¢, k=12,...

G+ k) "
i. » = 0. The recurrence relation for ¢y is not defined. What does this mean? Observe that
whenk =1, ci(bk+r)(k+r—1)+cir1 = c1(1)(0) +co = co # 0.

So,y = " cax™ is not a solution of the equation.

ii. r=1,

_ S R |

k=1 Cl__(l)(Z)CO__ZCO
_ _ 1 _ = = L

et Tee T ehen e 12
_ _ 1 _ =D o= ——L

S R 1) R LTI R C
_ __ =H”

k=m “m = iy (m + 1)1 °

d.
ylzcox(l—%x+%x2—wl4x +.. )

S Gl K I _ D"
_cox(l+2 D (m +1)! by ) COZ (m')(m+1)! 1



Y2 —yl,[y ( jP(X)dx) dx.
1

Per) =0, [Pa)dx=C. LG

I#dxzj(x 5“in i “

% " Tt )2

1 o1, 1 1 7 2#3 7T 4
O S E R N V7 S/ R Pl
2 12 144
1 Y (VRS U VSN A S I 7 .4\?
= (x M IR R Vv DR 1728’“)

(X éx+%x3 141t4x4)2

_ 229 4, 11 5,5 19,7 1,1
= 50736 T gt gttty t

.[ 1.2 11 3 1.4 de
(X——X +—X —mX)

7 .19.. 5 11 .5, 229 4
K" R 12*72’“r 48" 288" Y 20736 )d"

-1 T, 19 2, 5 5. 11 4, 229 s
=y thxt 12"+ 144 T 742 T T152" T 103680 °F
(1 7,19 o0, 5 5, 1l
yz‘yl( Tlnx+ 95X+ T Tt st +)

- 1.7 19 o 5 11 .4
—yllnx+y1( T Xt gAYt 144x T +)

_ 1y, 11 1, 7 19 . 5 .3 11,4
‘ylln”(x R TR VM )( T 128 T T T +)

=y Inx+

1.1 2 11 .3 5 4 1 5, 1 29 %6+ 23 ¥ — 11 8
(”2" 72 T2 T 1152 T2 T 10368t T 41472 165888 +)

Observe that y, is of the form

yilnx + ibmx’”.

m=0
y=Ciy1+Cym

_ 1 2, 1 3 1 .4 1.2, 1 3 1 .4
—Cl(x 2x+12x —144x )+C2(x 2x+12x —144x )lnx

1.1 2 11 .3 5 4 1 s, 1. 29 23 ¥ — 11 8
+(1+2x 72 T2 T 1152 T2 T 10368t T 41472 165888 +)

e. Use a TI-89 calculator to find an approximation of y; :
1 1 .3 1

yl—x—jx + 7% - 144x +.. —%x% Px) =0
iy rx— %xz :x(l - %x)
L _ l = % - +2, F2, 3:expand(: expand(1/(x*(1-x/2)),x)

T3
F3, 9 taylor(: taylor(-1/(x-2),x,3)

Answer: —3+ 2+ + L L—lJr 3+ﬁ+1+i
16 8§ 42 yr oo 16 8 4 "2

iil. F2, 3:expand(: expand((1/x+x"3/16+x"2/8+x/4+1/2)"2,x)



iii.

iv.

N I S » N A S JR SR S
answer: See LTttt ty Yt oty
1 x5 x 1.1 .3
Nowwehavey%~ 8+16+2+x+x2+4
jP(x)dszdezC, e_jp(x)dxzeczc

To evaluate | %e—jP(wdxdx - I(% TR~ S I P %)dx
Y1
3 2
Pafe [ g dekado
: xt 5% X2 3x 1
answer: Inlx| + A Tt A X

To evaluate y, = (x(l - %x) ) (ln|x| + g—; + 54_363 +
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