Method of Variation of Parameters for Nonhomogeneous Linear Differential Equations - (3.5)

Consider the general solution of an nth-order nonhomogeneous linear differential equation:
L(y) = flx) where L(y) = y™ + P, (x)y"™D +...+P1(x)y" + Po(x)y.

Suppose that the general solution y. = C1y; +...+C,y, of the corresponding homogeneous differential equation
L(y) = 01s given. The Method of Variation of Parameters solves y, as follows. Let

Yp = Ui1y1 tu2y2 +...+Up Yn.
Find u1,...,u, so that y, is a solution of L(y) = f(x).

1. First let us consider the second order differential equation of the form: y" + P(x)y’ + O(x)y = f(x).

Suppose we know y. = c1y1 + c2y2. Lety, = uiy1 + uzy, where ujand u» are functions of x. Two steps to
solve u; and u; :

Step I Solve u) and v} from the system of two linear equations:

uiyr+uyyr, =0 or| 12 uy Y [ O
u\yy +uzys = flx) i Uy fx)
Step II u; = [ujdx, fori = 1,2.

The derivation:

! ! ! !
Vp = U1+ uryy +usys + usys.

Set
iy +ubyr =0, (%)
then
Yp = iyy +u2p).
Compute

no_ . " ! "
Yp = Uryy Huryy tuxyz2 +uzy;.
Substitute y,, v, and y, into the differential equation: y" + P(x)y’ + O(x)y = f(x)
(1 + iyt +uayy +uzys) + P) iy +uzys) + Q) (uiyr + uzya) = fix)
Rewrite the equation as
ur(f + P+ Q)y1) + ua(vy + POy + Q(x)y2) +uiyh + uzyy = f{x).
Because y; and y, are solutions of
Y+ POy + Q(x)y = fx),
Y+ Py, + Q()y1 = Oand y; + P(x)y; + Q(x)y2 = 0.
So, the differential equation can be simplified as
wiyy +usyy = fx). (x %)
Equations (*) and (* ) are two equations for solving u' and u5.

2. The nth order differential equation: y™ + P,_1(x)y"D +.. . +P1(x)y" + Po(x)y = f(x).

Suppose that we know y. = Ciy1 +...+C,y,. Lety, = uiy1 + usy2 +...4+u,y, where uy,...,u, are
functions of x. Two steps to solve u,...,u, :

Step I Solve u,...u, from the system of n linear equations:



1 y2  Va u} 0

Yioooyaoo o wy | _| 0
n—1 n—1 n—1 !
AU GRS (e i, fx)

Step Il u; = Iuﬁ-dx, fori=1,2,...,n.
The derivation is similar to the one for the second order differential equation.

Example Solve the following equations.
(@) y"+9y =csc3x (b)Y +x%y =sin(zx) (c) y" +3y" +3y +y =2e" +x
(a) y" +9y = csc3x
a. Solve y. from y" + 9y = 0.
P(m) =m?>+9 =0, m==+i3, y; = cos(3x), y» = sin(3x)
Ve = c1c0s(3x) + ¢z sin(3x)
b. Lety, = uicos(3x) + uzsin(3x).
Solve u) and u) from the system:

cos(3x)  sin(3x) wy \ [ O
~3sin(3x) 3cos(3x) wy )\ ese(3x)
Wy ) [ cos(3x)  sin(3x) N
wy |\ =3sin(3x) 3cos(3x) csc(3x)
B 1 3cos(3x) —sin(3x) 0
 3cos?(3x) +3sin’(3x) | 3sin(3x) cos(3x) csc(3x)

1 ( —sin(3x) csc(3x) ) -3
-3 = cgs(3x)

cos(3x) csc(3x)

Solve u; and u> :

u, = J.u’ldx = J.—%dx = —%x

(e [1c0osBx) o 1
Uy = qudx = 3G dx = - Injsin(3x)|
vy = —%xcos(?»x) + % In[sin(3x)| sin(3x)

and the general solution of the differential equation is

y = c1c0s(3x) + c2sin(3x) + —%xcos(3x) + % In|sin(3x)|sin(3x).

() y"+r?' = sin(nx), y(0) =1, y'(0) = 1.
a. Solve y. from y" + 7%y = 0.
P(m) =m?+n% =0, m=+inr, y, = cos(nx), y» = sin(mx).
Ve = c1cos(mx) + ¢ sin(mx)
b. Lety, = uicos(nx) + us sin(zx).



i. Solve u and u5 from the system:
cos(mx)  sin(mx) uy V[ O
—msin(nx) 7mcos(mx) uy )\ sin(ax)
uy \ [ cos(mx)  sin(mx) B 0
uy |\ -x sin(zx) mcos(mx) sin(7x)

_ 1 mwcos(mx) —sin(mx) 0
weos?(mx) + wsin®(wx) \  zwsin(zx) cos(mx) sin(7x)

1 2
o sin“7x

% cOoS X sin7wx

ii. Solve u; and u, :

- |_-L - _1 _ -1 (y__L
up = J- 7 sin 2nxdx = J- > = (I —cos(2rx))dx = 5 (x 3 sm(27rx))
_[4 . _ 1 (1 N
Uy = jﬁcosnxs1nﬂxdx = 7(7 sin (ﬂx)) =7 sin®(7x)
y, = —=L (x - L sm(27rx)) cos(mx) + —L sin?(7rx) sin(x)
L 271' 2 77,'2
and the general solution of the differential equation is:
y = c1cos(mx) + casin(zx) — # (x - 217r s1n(27rx)) cos(mx) + 1 sin® (7x)
¢. Solve ¢y and ¢, using the initial value conditions: y(0) =1, »'(0) = —
' — _xeysi I 1 (- L -
V' = —mcysin(rx) + wea cos(mx) o (1 —cos(2nx)) cos(mx) + 3 (x o sm(27rx)) sin(7x)

3

+ = sin’ (7x) cos(mx)

YO0y =ci =1, Y(0)=mecr =—1, 2 =%

The solution of the initial value problem is:

- _ 1 1 (L 1 ip?
y = cos(mx) — 7 sin(7x) o (x o7 sm(27rx))cos(7rx)+ -, sin” (7x)

I Y

: SRR
o8 U

f(x) = sin(zx) y



(¢) Y'=3y"+3) -y =2e"+x
a. Solve y. fromy" —3y" +3y' —y = 0.
Pm)=m?>-3m*>+3m—-1=m?>-1-3m(m-1) = (m—-1)m?* +m+1) - 3m(m—1)
=m-1)m*+m+1-3m)=m—-1)m*-2m+1)=m-1)>=0, m=1,1,1

Y1 = €%, yy = xe*, y3 = x2e*, y. = cie* +cyxe* +cix’e’

b. Lety, = uie* + uxxe* + usx*e*.
i. Solve u), u5 and u} :
y2 = xe*, yb = e* +xe* = (1 +x)e*, vy = e+ (1 +x)e* = (2+x)e*

y3 = x2e¥, Yy = 2xe* +x%e* = 2x +x2)e¥, ¥ = (2 +2x)e* + (2x + x2)e* = (2 + 4x + x2)e*

e’ xe* x2e* ul 0
et (1+x)e" (2x+x?)e* uy | = 0
" 2+x)e" (2+4x+x?)e” uls 2e" +x

Simplify the system by multiplying e™ both sides:
-1

1 x x? 0 ul 0
1 14+x 2x+x? 0 U = 0
1 2+x 2+4x+x? 2+xe™ us 2+xe™
(1 X x? | 0 —R1+R> > R
(41b) = 1 1+x 2x+x? | 0 =
\ 1 2+x 2+4x+x? | 2+xe™ —Ri+R3 - R;
(1 x 22 | 0 1 x x2 10
—2R2+R3 - R3
012 |0 01 2x |0
\ 0 2 2+4x | 24xe™ j - 002 | 2+xe™

i

Uy = %(2 +xe™),

uy = —2x(%(2 +xe‘x)) = —x(2 +xe™)

uy = —x(—x(2 +xe™)) —x? (%(2 +xe‘x)) =2x? +xle™ —x? - %x%‘x =x2+ %x3e‘x
ii. Solve w1, u; and u3 :

_ 2 L3—x :L3_L3—x_12—x_ -X _ -X

ul—J.(x +2xe )dx 3 yxve Sxve 3xe 3e

uy = I—x(2 +xe ™ )dx = —x? + x2e™ + 2xe ™ + 2™

uz = J. %(2 +xe™)dx = x — %xe‘x - %e‘x

Yp = (%x3 - %x%‘x - %xze‘x —3xe™ — 3e‘x)ex + (—x? + x%e™ + 2xe™ + 2e7¥)xe*
_ l -X __ l —x 2 x
+ (x 5 e >e )x e

= L 03 Z3xe™ — 9e)ex
3

The general solution of the differential equation is:



y = cie’ + caxe* + cax?et + %(x3 —3xe™ — 9e™)e*



