Homogeneous Linear Differential Equations with Constant Coefficients - (3.3)

Consider an nth-order linear differential equation of the form:
apy™ + a1y +. +a1y' +agy = 0.
Lety = ™. Observe that
y/ = me™ y// — m2emx y(n) = m"e™.
ay™ + a1y +. . +ary' +agy = aym"e™ +...+ayme™ + age™

=e™(am" +...+aim+ap) =0 =

aym" +...+aim+ao = 0.
y = e™ is a solution of the differential equation
apy™ + a1y 4. +a1y +agy =0
if and only if m = a is a solution of the equation
aym" +...+aim+ao = 0.
Let P(m) = a,m” +...+aim + ao. P(m) is called the characteristic polynomial of the differential equation
apy™ + a1y +. +a1y' +agy = 0.

Know that the equation P(m) = m has nsolutions (real or complex) including the multiples. Let m;,...,m, be
solutions of P(m) = 0. Let L(y) = a,y™ + a1y +...+a1y' + agy. Recall the general solution of

L(y)=0:
y = C1y1 + C2y2 +...+Cny,,
where y1,...,y, are solutions of L(y) = 0 and are linearly independent. How do y,...,y, relate to my,...,m,?
1. If m; are simple real solutions of P(m) = 0, then y; = ™ are solutions of the differential equation
L(y) =0.
2. If m; is a real solution of P(m) = 0 with multiplicity k, then y; = e™*, y, = xe™*, ..., y; = x*1e™* are
solutions of the differential equation L(y) = 0 and they are linearly independent.
3. If my = a+iband m, = a — ib are simple complex solutions of P(m) = 0, then
y1 = e*cos(bx), y» = e™sin(bx)
are solutions of L(y) = 0 and they are linearly independent.
4. If m; = a +ib and m, = a — ib are complex solutions of P(m) = 0 with multiplicity k, then
y1 = e*™cos(bx), y» = e“*sin(bx), y3 = xe™ cos(bx), y4s = xe® sin(bx)

Y1 = xF e cos(bx), yau = x¥ e sin(bx)

are solutions of L(y) = 0 and they are linearly independent.

Example Let P(m) = m*(m — 1)*(m + 2)(m> + 3)(m?* + m + 1) be the characteristic polynomial of a
linear differential equation L(y) = 0. What is the order the differential equation? Find the general
solution of L(y) = 0.

P(m) is a polynomial of degree 9, so the order of differential equation is 9. Solve P(m) = 0.

m2 =0, m=0,0 yi=1y2=x
m-12=0, m=1,1 Y3 =e', ys =xet
m+2=0, m=-2 ys = e
m*+3=0, m=1iJ3, m=—iJ3 = y6=cos(ﬁx),y7:sin(ﬁx)
m*+m+1=0, m= ‘liF ys=€‘””¢OS(§X),
3 3 s
m=—++ie m=—-1-i> Yo =e /2sm(gx)



The general solution:
y = Ci + Cax + C3e* + Cyxe* + Cse™> + Cs cos(,/?x) +C; sin(ﬁx)

+ Cge™? cos(@x) + Coe™2 sin(gx).

Example Find the general solution of the differential equation.
ay' -y =2y=0 b.y'+y +2y=0 c Y +4'+4 =0
d y®H -y =0 e y®H-2y"=0 fyD+4+4=0 g y®H-y=0
a. Pm)=m?>-m-2=m-2)(m+1)=0, m=2,andm = —1.
y1 = e¥, y» = e, and the general solution
y = Cre¥ + Cre™.
b. P(m) =m?>+m+2=0
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yi = e‘x/zcos(g), Vs = e‘“sin(g), and y = C1e‘X/2cos(g) + Cze_X/ZSin(g)

c. P(m)=m?>+4m+4=m+2)> =0, m=-2,-2.
y1 =e >, y, = xe > and
y = Cie™ + Coxe™
d Pm)=m*-m=mm*-1)=mm-1)m*+m+1) =0,
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m=1 m=1, m= 3

- 3 (3
yi=e%, yy=xe*, y; =e Wcos(%x), yq = e™? sm(%x) and

y = Cie* + Coxe* + Cze™"? cos(@x) + Cqe™? sin(gx).

e. P(m) =m*-2m?> =m>(m>-2)=0, m=0,0, m==%,2

vi=1,y2=x, y3 = el2x, Vs = e2* and

y=Ci+Cx+ Cse'* + Che?x.

f. P(m) =m* +4m> +4 = m>+2)> =0, m = +iy2, m = +iJ2

y1 =cos(y2x), y2 = sin(V2x), y3 = xcos(+2x), ys =xsin(y2x) and

y=0C cos(ﬁx) + Czsin(ﬁx) + ngcos(ﬁx) + C4xsin(ﬁx)

g. Pm)=m*-1=m>-1)m?*+1)=0, m=+1, m = +i

y1 =e*, ya =e™, y3 =cosx, y4 = sinx and

y = Cie*+ Cre™ + Czcosx + Cysinx.



