
Homogeneous Linear Differential Equations with Constant Coefficients - (3.3)

Consider an nth-order linear differential equation of the form:
any!n" ! an!1y!n!2" !. . .!a1y " ! a0y # 0.

Let y # emx. Observe that
y " # memx, y "" # m2emx, . . . , y!n" # mnemx.

any!n" ! an!1y!n!2" !. . .!a1y " ! a0y # anmnemx !. . .!a1memx ! a0emx

# emx!anmn !. . .!a1m ! a0" # 0 #

anmn !. . .!a1m ! a0 # 0.
y # eax is a solution of the differential equation

any!n" ! an!1y!n!2" !. . .!a1y " ! a0y # 0
if and only if m # a is a solution of the equation

anmn !. . .!a1m ! a0 # 0.
Let P!m" # anmn !. . .!a1m ! a0. P!m" is called the characteristic polynomial of the differential equation

any!n" ! an!1y!n!2" !. . .!a1y " ! a0y # 0.
Know that the equation P!m" # m has n solutions (real or complex) including the multiples. Let m1, . . . ,mn be
solutions of P!m" # 0. Let L!y" # any!n" ! an!1y!n!2" !. . .!a1y " ! a0y. Recall the general solution of
L!y" # 0 :

y # C1y1 ! C2y2 !. . .!Cnyn
where y1, . . . ,yn are solutions of L!y" # 0 and are linearly independent. How do y1, . . . ,yn relate to m1, . . . ,mn?
1. If mi are simple real solutions of P!m" # 0, then yi # emix are solutions of the differential equation
L!y" # 0.

2. If mi is a real solution of P!m" # 0 with multiplicity k, then y1 # emix, y2 # xemix, . . . , yk # xk!1emix are
solutions of the differential equation L!y" # 0 and they are linearly independent.

3. If m1 # a ! ib and m2 # a ! ib are simple complex solutions of P!m" # 0, then
y1 # eax cos!bx", y2 # eax sin!bx"

are solutions of L!y" # 0 and they are linearly independent.
4. If m1 # a ! ib and m2 # a ! ib are complex solutions of P!m" # 0 with multiplicity k, then

y1 # eax cos!bx", y2 # eax sin!bx", y3 # xeax cos!bx", y4 # xeax sin!bx"

. . .y2k!1 # xk!1eax cos!bx", y2k # xk!1eax sin!bx"
are solutions of L!y" # 0 and they are linearly independent.
Example Let P!m" # m2!m ! 1"2!m ! 2"!m2 ! 3"!m2 ! m ! 1" be the characteristic polynomial of a

linear differential equation L!y" # 0. What is the order the differential equation? Find the general
solution of L!y" # 0.

P!m" is a polynomial of degree 9, so the order of differential equation is 9. Solve P!m" # 0.

m2 # 0, m # 0,0
!m ! 1"2 # 0, m # 1,1
m ! 2 # 0, m # !2
m2 ! 3 # 0, m # i 3 , m # !i 3

m2 ! m ! 1 # 0, m # !1$ 1!4
2

m # ! 1
2 ! i 3

2 , m # ! 1
2 ! i 3

2

#

y1 # 1, y2 # x
y3 # ex, y4 # xex

y5 # e!2x

y6 # cos 3 x , y7 # sin 3 x

y8 # e!x/2 cos 3
2 x ,

y9 # e!x/2 sin 3
2 x
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The general solution:
y # C1 ! C2x ! C3ex ! C4xex ! C5e!2x ! C6 cos 3 x ! C7 sin 3 x

! C8e!x/2 cos
3
2 x ! C9e!x/2 sin

3
2 x .

Example Find the general solution of the differential equation.
a. y "" ! y " ! 2y # 0 b. y "" ! y " ! 2y # 0 c. y "" ! 4y " ! 4y # 0
d. y!4" ! y " # 0 e. y!4" ! 2y "" # 0 f. y!4" ! 4y "" ! 4y # 0 g. y!4" ! y # 0

a. P!m" # m2 ! m ! 2 # !m ! 2"!m ! 1" # 0, m # 2, and m # !1.
y1 # e2x, y2 # e!x, and the general solution

y # C1e2x ! C2e!x.
b. P!m" # m2 ! m ! 2 # 0

m #
!1 $ 1 ! 4!1"!2"

2 # !1 $ i 7
2 , m # ! 12 ! i 7

2 , m # ! 12 ! i 7
2

y1 # e!x/2 cos 7
2 , y2 # e!x/2 sin 7

2 , and y # C1e!x/2 cos
7
2 ! C2e!x/2 sin

7
2

c. P!m" # m2 ! 4m ! 4 # !m ! 2"2 # 0, m # !2,!2.
y1 # e!2x, y2 # xe!2x and

y # C1e!2x ! C2xe!2x

d. P!m" # m4 ! m # m!m3 ! 1" # m!m ! 1"!m2 ! m ! 1" # 0,
m # 1, m # 1, m # !1$ 1!4

2 # ! 1
2 $ i 3

2

y1 # ex, y2 # xex, y3 # e!x/2 cos 3
2 x , y4 # e!x/2 sin 3

2 x and

y # C1ex ! C2xex ! C3e!x/2 cos
3
2 x ! C4e!x/2 sin

3
2 x .

e. P!m" # m4 ! 2m2 # m2!m2 ! 2" # 0, m # 0,0, m # $ 2
y1 # 1, y2 # x, y3 # e 2 x, y4 # e! 2 x and

y # C1 ! C2x ! C3e 2 x ! C4e! 2 x.

f. P!m" # m4 ! 4m2 ! 4 # !m2 ! 2"2 # 0, m # $i 2 , m # $i 2
y1 # cos 2 x , y2 # sin 2 x , y3 # xcos 2 x , y4 # x sin 2 x and

y # C1 cos 2 x ! C2 sin 2 x ! C3xcos 2 x ! C4x sin 2 x

g. P!m" # m4 ! 1 # !m2 ! 1"!m2 ! 1" # 0, m # $1, m # $i
y1 # ex, y2 # e!x, y3 # cosx, y4 # sinx and

y # C1ex ! C2e!x ! C3 cosx ! C4 sinx.
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