Reduction of Order - (3.2)

1. Consider the 2nd-order linear differential equation
ax(x)y" +ai(x)y’ +ao(x)y = 0
The general solution of the differential equation is y = Cy1 + C,y> where {y1,»2} is a fundamental set of

solutions, i.e.

a. yi, and y,are solutions of the differential equation equation; and

b. yi, and y,are linearly independent.
If we know y;, can we find y,? The answer is yes. How? We let y» = u y; where u is a function of x. If
we substitute y, of this form into the differential equation, we will get a first-order differential equation in u
and it can be solved by using a method Chapter 2. Here are the details.

Consider the 2nd-order homogeneous linear differential equation in standard form
V' + Py +0@)y =0
Lety, = yiu. Then
Vs = yiu+yu' and
Yy = yiu+yiu +y +y = yiu+ 290’ + y.
V' P + 0@y = yiu+2hu' +y + P)0hu+yu') + O(x)yu

= O + Py + O)y1)u + 24+ yiu + Py
=0+yu" + 2y, + P(x)y1)u' =0

!
u + (% +P(x))u’ =0, letz=u'. Thenz' =u"

, 2y Ist order linear differential equation
z+| 5 tPX) Jz=0 -

Y separable

Solve the differential equation in z and then
u= Izdx and y> = yu

Given y" + P(x)y' + Q(x)y = 0 and a solution y;, two steps to solve y» = u y; :
a. Solve the first order linear (separable) differential equation in z:

(20 _
z +(y—1+P()C) z=20

b. Compute u = Izdx and lety, = u .

Example Show that y\ = x*cos(Inx) is a solution of x>y" —3xy’ + 5y = 0. Find the general solution of
the differential equation.

a. Check y; is a solution of the differential equation (it satisfies the differential equation) :
¥) = 2xcos(Inx) — x? sin(lnx)% = x(2cos(Inx) — sin(Inx)),

yi = 2cos(Inx) — sin(lnx) + x(—2 sin(lnx)% - cos(lnx)%) = cos(Inx) — 3 sin(Inx)

x?(cos(Inx) — 3sin(Inx)) — 3x(x)(2 cos(Inx) — sin(Inx)) + 5x2 cos(Inx)

= (x? — 6x% + 5x?) cos(Inx) + (=3x2 + 3x?) sin(Inx) = 0

x2y" —3xy’ + 5y

So, y1 is a solution.
b. Lety, = yju. First rewrite the equation in standard form

1



Y-y 3y =0 P@) = 3. 00) =%

i
i. Solvez + (% +P(x))z = 0forz. P(x) = —%

2y} _ 2x(2cos(Inx) —sin(Inx)) _ 2(2cos(Inx) — sin(Inx))

3 x2 cos(Inx) xcos(Inx)
20 _ 2(Qcos(lnx) —sin(lnx)) 3 _ 1 2
Vi +P(x) = xcos(Inx) ¥ = %~  tan(lng)

z'+ (% - %tan(lnx))z =0
[Laz = [(-% + % tan(inx) ) dx, Infz| = ~Infx| - 2Infcos In(x)| + C

_cd 1 _C
z = CYW = TSGC211'1X
ii. Solve foru : u = J‘C% sec?Inxdx = Ctan(Inx) and y2 = u ¥,
y2 = Cx?cos(Inx) tan(Inx) = Cx?sin(Inx)

y = C1x? cos(Inx) + Cax? sin(Inx)



