Separable Variables - (2.2)
1. Separable Equations:
A first order differential equation is said to be separable if it is of the form

L)

2. Method of Separation of Variables:
Observe that a separable equation can be written as

h(y) ——dy = g(x)dx <& I 70 ——dy = J-g(x)dx

If we know the antiderivatives of 7 (y) and g(x) are H(y) and G(x), then

HY) = Gx) + C

is the solution of the differentiation equation % = g(x)h().

Example Solve (1 +x)dy — ydx = 0.
Determine first if the differential equation is separable. Since
1+x)dy—-ydx =0 < %dy — xdx,

the differential equation is separable.
l = 1 =
[Lay =] Loax, | =1+ x4+ C
y = Ce"™ = C(1 +x)

is the general solution.

Example Solve the initial value problem:
cos(x)(e® —y)% = e’sin(2x), y(0) = 0.
Determine first if the differential equation is separable. Since

ezy—yd _ sin(2x)
e’ cos(x)

the differential equation is separable.
y_
f Ll dy = [ - ye)dy = [(er —ye)dy

sm(2x) 2sin(x) cos(x) .
I cos(x) J. cos(x) dx =2 I sin(x)dx,

J.(ey —ye?V)dy = e —ye? —e? +Cy, 2 J. sin(x)dx = —2cos(x) + C
ence, e’ —ye™ —e™ = —2cos(x) + C 1s the general solution.
H h% 2cos(x) + Cisthe g 1 soluti

4 _ o
Example Solve O =Y 4.

Determine first if the differential equation is separable. Since
1 v = dxify? —4%0,

the differential equation is separable wherever y* — 4 # 0.
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dy = [dv & jm [av, [ax=x+c

d—y_L (;_ 1 ) _ 1 niw_ 9| 1 (y—2)
o=y — #1557~ yag Jdr = =21y +2)) = fin( 35
b33 - w(3)-
4ln(er2 x+C, In 32 4x+C)
i ;; = pAHC) — phHAC _ phrp4C _ gty
Solve y in terms of x :
y_2 _ y+2_2_2 _ _ 4 _ 4x 4 _ _ 4x — 4
y+2 y+2 B y+2 = Ce™, y+2 =1-Ce™, y+2 1 — Ce®’
4 4-2+2Ce* 1+ Ce*
=—> 2= =2
YT T Ce 1 — Ce™ 1= Ce™

is the general solution of the equation. Ify?> —4 = 0, then y = +2 . These are solutions.

dy _ xy+2y—x-2
Example dx  xy—-3x+x-3

Determine first if the differential equation is separable. Since
p _pee-(4d) DG el xed

dc yx-3)+(x-3) (@+DE-3) y—1 -3
the differential equation is separable.
y+1 x+2 y-l+l+1 1+1+1 x=3+3+2
e | = [

J.(1+y%1)dy='|.(l+x_3)dx
1+ —2—dy= y+2In(r-1)+Cy, I+ 25 )dv =x+5In(x=3)+C
y—1 3

The general solution of the differential equation is:
y+2In(y—-1) =x+5In(x-3)+C

Example exy% = e_y + e—2x—y

Determine first if the differential equation is separable. Since
l+e™>
A+e™)

e—X

exy% =eV(l+e?) < %dy =
the differential equation is separable.
yeldy = (e + e >e¥)dx < ye'dy = (e* +e¥)dx
Iyeydy =ye¥ —e’ + ()}, and J-(ex +eM)dx=e"—e*+(,

The general solution of the differential equation is:

yvel —e’ =e*—e™+C



