Tangent Vector and Curvature - (11.4)

1. Tangent Vector
Let C be the curve traced out by the vector-valued function 7(¢) =< f(t), g(t), h(t) >. The vector

() = =70
|ol

is the unit tangent vector to the curve C. Observe that

7 ol = oo = {fol+[£o I +Fo 1.

We know the arc length of C fora <t < bis
= r ol +[eo T+ro T a=[|}F ol

Example Let7(t) =< 4cos(t), sin(t), t >. Find the unit vector to the curve traced out by ¥(t). Sketch the
unit tangent vectors at the points respectively whent = 0, t = % andt = % Evaluate the

length of arc of the curve for 0 <t < %

7 /(t) =< —4sin(t), cos(t), 1 >. ||| = \/16sin2(t) +cos?(¢) + 1

1) = ——7'(t) = — 1 < —4sin(t), cos(r), 1 >
|r (t)|| J16sin? (1) + cos?(¢) + 1
r 1 11
T7(0) = <0,1,1 >=<0,—,— >
©) JI+1 J2 2
T(ﬂ)=+<—2, ﬁ, | >=< =4 ‘/?, 2_
6 [+ +1 2 J23 0 230 U3
(Z2)=—L < 401>=<--2%0 —L >
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s = jzﬂ J(4sin(1))? + (cos(t))? + 1 dr = 18.45342
0

2
the perimeter of the ellipse )2—2 +y2=1: j J(4sin(1))? + (cos(t))> + 0 dr = 17.15684
0

2. Curvature

Let s5(¢) be the length of arc of the curve C traced out by 7(¢) =< f(t), g(t), h(t) > for ¢ be between a and b.
Then

s(t) = j[||7 ()| |

The function s(¢) increases as ¢ increases.

Example Find the length of arc of 7(t) < cost, sint, t > fort > 0.
-/ . -/ ) 2
r (t) =< —sint, cost, 1 >, ||r (t)|| = \/sm t+costt+1 =2

s(t) = I;H? ,(u)||du = f; V2du = J2u)y = 21t

sQ2m) = ﬁ(2ﬂ) = 221 (the circumference of a unit circle is 21).

The curvature k of a curve C traced out by 7(¢) is

-4l
Since
7 T _ di 7 _ T
o -4 - (%) ~ 4 - I
dt
% _ %S(Z)Z %J‘;H?/(M)Hdu FundamentalThezoremofCalculus |7l(t)||
So,
7l | O W T
<[] ol ol

Example Curvature of a line, a circle, and a helix.
a. aline: #(t) =< xo +dit, yo +dat, zo +dst >
Pt) =<di, dy, ds >, T()= —L—— <dy, dy, ds> T (1) =0.
Jdi +d3 + d3
So, k = 0, the curvature is zero, the curve is flat (no surprise).

b. acircle: 7#(¢) =< bcost, bsint >
N . - . .
r (t) =< —bsint, bcost >, T(¢t) = % < —bsint, bcost >=< —sint, cost >

=/ . -
T (t) =< —cost, —sint >= — r(¢)

ol

K= ————

| |_) - | | = %, the curvature is a constant and is the reciprocal of the radius.
r (1)



c. ahelix: 7(¢) =< bcost, bsint, at >, a > 0, andb > 0

N . = 1 .
7 (t) =< —bsint, bcost, a >, T(t) = ———— < —bsint, bcost, 1 >
Jb? +a?
=/ 1 .
T (t) = ———— < —bcost, —bsint, 0 >
Jb? +a?
ol Tre
T () )
K= <57 _ bira” zb 5 is also a constant.
||r (t)|| Jb* +a? b*+a

Another formula for curvature:
o< o
[ @]

a. anellipse: 7(f) =< acost, bsint,0 >, a >0, b > 0

7 /(t) =< —asint, bcost, 0 >, 7 ”(t) =< —acost, —bsint, 0 >
H 7 k
PO x?"(0) = | —asint  beost 0 | = (0)i—(0)+ (absin’t + abcos?t)k = abk
—acost —bsint 0

= ab 3
\/(a2 sin’t + b2 cos’t)

when ¢ = 0 and tzn,Kza—b—i

whentzgandt:%, K:Z_é? b2

b. asine curve in a plane: 7(¢) =< t,sin(2¢),3t >, 0 <t <2rx

7(t) =< 1,2¢c08(2£),3 >, # (t) =< 0, —4sin(2¢), 0 >



i7 i
Ployx7 ()= | 1 2c0sQr) 3 | = 12sin(20)i - 4sin20)k
0 —4sin(2r) 0
Ny S . .
P oxF o] J1aasin?@y 16sin®2) /150 sin(20)|
12 o] (J10+4cos?(2r) )’ (J10+4cos?(20) )
whent =0, andtr = L > Kk =0, sin(2x) = 2x

Whentz%, andt:%T”, k= —¥130 T = ‘/11?

(J10)

c. acurve inxy-plane: y = flx) = 7(t) =< t, f{t), 0 >
) =<1,1'(t), 0> 7" (t)=<0, f£'@t), 0>

- curvature is maximized

i
o<t o=11 0 ol|=r"k
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Example Find the curvature of the graph of f(x) = Inx atx = 1, x > c0oandx - 0*

_1L
‘Y=L "oy =L = ‘ x? ‘ _ x|
S x) X S o) 2 K ( L)3/2 2+ 1)3/2
2
_ _ 1. _ x| —o0 T i x| _
whenx =1, k = ——; Ilim k = hm——O, Im k = lim —~— =0
2ﬁ X—+00 X—+00 ( + 1)3/2 =0t X0t (X2 + 1)3/2

d. curvature in polar coordinates: given r = f(6), know that

{ x =rcosf = f(0)cosO

. Let V(0) =< cos@, sinf, 0 > and #(0) = f(0)v(0).
J = rsind = f(0)sin0 © 0) = /10)¥(6)

v (0) < —sinb, cosh, 0>, ¥ '(8) =< -cosh, —sinf, 0 >=— V()
7(0) =1 (0) ¥©O) + fi0) ¥ (0)
20 =r"©@ve)+2r'©) ¥ 'O+ f0) 3" ©)
#'0)x7"0) = ('O %0 + £0) 7' @) x (£ ©) 50)+27'©0) v '0) + 10) 7" ©))
= £ "(0) 30) x30) +10) "©0) 7' ©0)x ¥ @) +2(F'©)" 50) x ¥ '(0)
+2/0)f '(0) ¥ (0) x ¥ '(0) +/ (0)0) ¥(0) x ¥ (0) + (10))* ¥ (0) x¥ ()



VO) xWO) =0, ¥'(O)x ¥'0)=0, ¥(B) x¥ (0)=0since¥ () =—¥®)

Pk
BO)x ¥(O) = | —sinf cosh 0 | =—k WO x ¥ (O) =k

cosf@ sinf O
3'0) xv " = (0)x¥0) =k
710)x7"0) = -0y "OF +2(r'©)) K+ (1)) = (<R0) @) +2(r'©) "+ (10))* )
|2 @] =7"©)-7'© = (r'©5%0) + 0)7'©®) - (7'© 30 + 103 ®)
= (1) 50) - 30) +210)7 ' ©) %) - ¥ '0) + (/1) ) '©) -3 9)
O)-O) =1, VO) -7 (@ =0, ¥'©@)-3'0) =1
7' @] = (r'®) + ()’
. -y " ©) +2(f'®) + (1))
 (Ce) ()"

Example Find the curvature of the polar curve r = 1 —2sin6, at0 =0, 0 =«

f10) = 1-2sin6, 1 (0) = —2cosb, 1 (0) = 2sind
|-(1 - 25in0)(2sin0) + 2(4 cos20) + (1 — 2sinh)?|
K =
(4cos20 + (1 —2sin6)>) >

_ |-2sinf + 4sin’0 + 8cos?0 + 1 — 4sinf +4sin’0| |9 — 6sin0)
(40520 + 1 — 4sin6 + 4sin’0) > (5 — 4sing)>”
when§ = 0, 6 = 7, k = —2— = 0.8049845
(5)
when 6 = %, K=3
when 0 = 37” K = {75 — 1. 666667



1 1.5

| 47504 0608

r=1-2sinf, —n<0<nx r=1-2sinf, 0<0<nr




