
Absolute Convergence and Ratio Test - 8.5

1. Absolute Convergence:
A series!n!1

" an is called absolutely convergent if the series of absolute values!n!1
" |an | is convergent.

Note that if an # 0 for all n, and the series!n!1
" an is convergent, then the series is absolutely convergent.

Example Consider if the alternating series is absolute convergent.
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Since!n!1
" !$1"n$1 1n converges and!n!1
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n diverges,!n!1

" !$1"n$1 1n is not absolutely convergent (in
some textbooks, it is called convergent conditionally).
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" !$1"n$1 1np is convergent for any p " 0 and!n!1
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np is convergent only if p " 1. So, the
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It is also convergent absolutely.

2. Conditionally Convergent Series:
If!n!1

" an converges but!n!1
" |an | diverges, then we say!n!1

" an converges conditionally.

Example p $series for p % 1 are convergent conditionally.

3. The Ratio Test:
Let limn$" an#1

an ! L.
a. If L % 1, then the series!n!1

" an is absolutely convergent.
b. If L " 1 (or L ! "", then the series!n!1

" an diverges.
c. If L ! 1, then there no conclusion from this test.
Example Determine if the series is absolutely convergent.
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So,!n!1
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is absolutely convergent by the ratio test.
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So, the series!n!1
" nn
n! diverges by the ratio test.
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So, the series!n!1
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n!4n is absolutely convergent by the ratio test.
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So, the series!n!1
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!2n"! is absolutely convergent by the ratio test.

Example A series!n!1
" an is defined by the equations:

a1 ! 1, an#1 ! 2 # cosn
n

an

Determine whether!n!1
" an converges or diverges.

Check:
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By the ratio test, the series!n!1
" an converges.

4. The Root Test:
Let limn$" n |an | ! L.
a. If L % 1, then the series!n!1

" an is absolutely convergent.
b. If L " 1 (or L ! "", then the series!n!1

" an diverges.
c. If L ! 1, then there no conclusion from this test.

Example Use the Root Test to determine the convergence of the series!n!1
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.

Check

limn$"
n an ! limn$" n 2n # 3

5n $ 4
n
! limn$"

2n # 3
5n $ 4 ! 2

5 % 1.

So the series!n!1
" 2n # 3

5n $ 4
n
is a convergent series.
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