The Integral and Comparison Test for Series and Estimate Sums - 8.3

1. The Integral Test:
Suppose that f'is a continuous, positive, decreasing function on [1,00) and let a, = f(n). Then the series
Z:;l a, is convergent if and only if the improper integral Il f(x)dx is convergent. That is

a. If IT f(x)dx is convergent, then 220:1 an s convergent.

b. If IT f(x)dx is divergent, then 220:1 an is divergent.

Example Determine the convergence of the series using the integral test.
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a. Zn ) n , let f(x) = forx > 1. Check the convergence of the improper integral
Il %dx = 1[1}3'} Infx|| = 1;1}3.} Injt| -0 = o0

Since Iw Ly diverges Zw_ % also converges.

1

b. Zn ) 2 , let f{x) = = forx > 1. Check the convergence of the improper integral
"L — im(—L ) = 1 1=
J xzdx—lgz.} )= —tm(F-1) -
Since f dx converges Z L 5 also converges. But we don’t know the limit.
c. Zn ) J_ let f(x) = J_ forx > 1. Check the convergence of the improper integral
0 t
= 13333 X = lim@) 2 = 2 lim 7 - 1] -
Smcej de diverges, Z —— also converges.
n
d. Z:; Lp, p > 0. Letf(x) = =5 forx > 1. Check the convergence of the improper integral
Infx[} ifp=1
0 t 1 1-p|t :
J‘ ,}dx—ltljg x_pdletif.g 1_px d if0<p<l1
1 1
-1 1 .
E?T(;ﬁJH it1<p
Injt| -0 ifp=1
1 l-p _ .
— lim l_p[tl’ 1] ifo0<p<1
=0
-1 | t
p—l(ﬁl 1)| if1 < p
diverges ifp=1
- diverges if0<p<1
1

— 1> converges ifl <p



Z:l nll’ , p > 0iscalled a p —series. So, a p —series converges if p > 1.
e > lnTn, let f(x) = lnTx forx > 1. Check the convergence of the improper

u=Inx,du = Ldx
lnx " Inx i
[7 I gy = i [ e gy lim [ udu
1 1

=0 >0 0

x=1u=0,x=tu=Int

- hm | = %Dgg(lntf ~0] =0

=0

Since IT 1nTxa’x diverges, >~ L lnn also diverges.

w1 _ 1
f. Z"=2 n(lnn)’ let/(x) xInx

forx > 2. Check the convergence of the improper

u = Inx,du = Ldx |
S S VT L _ m [ L
IQ xlnxdx o ltlg'} J.g xlnxdx - I[LI‘E In2 udu
x=2,u=1In2,x = t,u = Int

= lim Infu|", = lim In|In¢| - In]In2| = oo
=0 =00

. 1 . o 1 .
Since Iz Tnx dx diverges, > ' nnn) also diverges.
g. 20(12 %, let f(x) = L 5 forx > 2. Check the convergence of the improper
"= n(lnn) x(Inx
u = Inx,du = Ldx |
0 t nt
[ —A—ax=tim [ —L_ax - lim [ Ldu
2 x(Inx) =0 J2 x(Inx) =0 Jny u
x=2,u=In2,x = t,Lu = Int
— il L\ — i L 1 _ _1
= (% ) m2 = Tt 17 T T
: 1
Since dx converges, also converges.
'[2 x(lnx) 8 Z” =2 n(lnn)? 8

2. Comparison Test:
a. Comparison test:
Suppose that 3 a, and ) * b, are series with positive terms. Then
i. If) " b, is convergent and a, < b, forn > no > 0, then > a, is also convergent.
ii. IfY." b,isdivergentand a, > b, foralln > ng > 0, then ) " a, is also divergent.
b. The limit comparison test:
Suppose that 3" a, and Zw b, are series with positive terms. If

= ¢, where c is a finite number and ¢ > 0,

n—0o0 b
then either both series converge and both diverge.

Example Determine the convergence of series using a comparison test.

2n% + 71+ 100 +n+100 b, Ny, 1
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a. Y. 2n” +n+100 ta +2100 , compare a, = w with b, = 2% = % Since
n- — n’ — n
2n> + n+ 100
o An n’—2 i 203+ n?+100n _ 2 _ 4 _
}11_1:% bn lzl—lrg % }11_1:% 2(1’13 _ 2) 2 1 c>0
2
and Zn . % , a harmonic series, diverges, Zn . 2n+3n—+100 also diverges.
n —
b. >.° 1 compare a, = 1 withl. Since
1
2
fim 32 = Jim = i =1 = e > 0
W I+ 5+ -5
and wa l, a harmonic series, diverges, wa 1 a0 diverges.
= _Jn oo Jn 1 o
¢ D, e compare da, = ——— with b, = g aition Since
Jn
2 2
=lim 2~ —jim 2 =1 =¢>0
n—->0 b n->0 1 Nn—00 n2 +n

3/2

and Zn . % a p —series with p > 1, is convergent, Y is also convergent.

nl 1 n1:1 men
d. , compare a, = ——— with b, = —-. Since
o (Vi +1)° "
_ 1
1 . .
Hog (f+ i e T e (1))( ) fim———5 = 1=c>0
L n + + 1
" (1 G )
00 1 . . . © 1 . .
and )~ --, a harmonic series, diverges, ~ ——— is divergent.
z:n—l n z:n—l (ﬁ + 1)2
-1
e > M, since n > 1
n
-1
_ T tan™ (2n) (1
0 < tan 1(21’1) < ? = T < 7(?)
. » tan”!(2n)
and Z —, ap —series with p = 2 converges, anl ——— also converges.
f. > w, since
1§2+sin(n)§3:>wz%
and )" %, a harmonic series, diverges, >~ w diverges.

3. Estimating the Sum of Series:
Assume a, > 0 for n > 1 and the series Z:;l a, converges with the sum S.Let S, = Z:il a, be the mth
partial sum of Z:;l a,. Thenlim,..S» = S. Define

Rm :S_Sm :am+]+am+2+....

R, 1s called the mth remainder and is the true error made when Z:;l an, = Su. How to estimate R,,?
Let f(n) = a,. Observe that:



[ S S i + iz S [ ryar = [ fe)ds < Ry < [ rya.

Ru=5-Su= [ fo)dx<5-8,<| foyde=Su+| faydr<S<8,+[ fydr.
m+1 m m+1 m
From the above inequalities of S and R,,, we may improve the approximation of S by
N l o0 o0
S~ S+ 5 (J.mﬂf(x)dx+ J.mf(x)dx)

and better estimate R,, by

~ %(J- f(x)dx +J- f(x)dx)

Example Consider the series 3~ —.
“'n

a. Show that the series converges.
b. Approximate the sum of the series by using S1o and estimate the approximation error.
¢. How many terms are required to ensure that the sum is accurate to within 0.0005?

a. Itisap —series with p = 3 > 1, so it converges.

b.
© 1 10 1
Z? 25 - 1.197532
n=1 n=1
0.0041322 = [ Lar <Ry = [ Ldx=10.005 = Ryg < 0.005
11 X 10 x
> Ls11975+ —(0 005 + 0.004 1322) = 1.202066
n
For checking to see how good our improvement is:
100
> L = 1.202007
n=1
C.
® 1 1
R, <| +dx=—
J.n x3 o 21’12
Find 7 such that R, < 0.0005.
1 2y 1 _ -
5,7 < 0.0005 = n? > (0. 0003) 1000.0 = n > /1000 = 31. 623

Letn =32and Sp = Y, - = 1.201584.
n

Example Use the S\o0 to approximate the sum of the series 2:3:1 1 7 and estimate the approximation
error.
Sio = 21 31+ = = 0.68645. Error Ry can be estimated by
n
. 1 “ 1 1
Rioo < dx < ——dx = ——— = 0.000049015
100 _Ilol 3+ 1 x_J.lol o 2(101)?



